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CHAPTER Algebra

Find x,y,z satisfying the equations

X+y)X+y+2z)=066

y+z(x+y+2z) =99

Z+x)x+y+2) =77
Let N, = 131313...131 be the (2k + 1)-digit number in base 10 formed by k pieces of 13 and appended
by 1 at the end. Prove that N, is not divisible by 31 for any value of k = 1, 2,3 ...

We have 12 rods each of 13 units length. They are to be put into pieces measuring 3,4,5 units so
that the resulting pieces can be assembled into 13 triangles of sides 3,4,5 units. How should the
rods be cut?

a,b,c are positive integers satisfying the equations, 5a + 5b + 2ab = 92, 5b + 5¢ + 2bc = 136,
5¢ + 5a + 2ca = 244. Find 7a + 8b + 9c.

a,b,c,d are positive integers such that 2> = b% ¢* = d?> and ¢ — a = 19. Find d - b.

The pages of a book are numbered 1 through n. When the page numbers of the book were added,
one of the page numbes was mistakenly added twice resulting in the incorrect sum 1998. What was
the number of the page that was added twice?

Given the 7-clement set A = {a, b, ¢, d, e, f, g,}. Find a collection T of 3-clement subsets of A such
that each pair of elements from A occurs exactly in one of the subsets of T.

For which i‘msitivc integer values of n, the set {1,2,3,4,.... 4n} can be split into n distinct 4 elements
b+c+d
3 -

.

Prove that, there are infinitely many triplets (x,y,z) of positive integers such that x3 + y° = 77

subsets {a,b,c,d} such that a=

Seven points are placed inside a square of side 1. Prove that, at least two of them, are at a distance

13
of not greater than ? .

If p, q, r are the roots of the cubic equation x* — 3px? + 3¢?>x — 3 = 0, prove that p = q = 1.

. . .. . 4mn
Find all solutions in integers m, n of the equation (m-n)?> = m
n—

bx+(1-x)c cx+(1-x)a ax+(1-x)b

If a, b, ¢, x are real numbers such that abec#0 and b

then, prove
that, a+ b+c=0ora=b=c.

Multiply the consecutive positive integers until the product 2.4.6.8... becomes divisible by 2001. Find
the largest even integer we use to satisfy this condition.

In the year 2000, I will be old as the sum of the digits of my birth year. When was I born?
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Prove that, if a,b(a > b) are prime numbers, each containing at least 2 digits, then a* — b* is divisible
by 240. Also prove that, 240 is the greatest common divisor of all numbers which arise in this way.

167 12 1999
. Evaluate the sum + +.t

f =
Let 1) =112 2000 2000 2000

Arrange the numbers from 1 to 100 as a sequence such that any 11 terms in it (not necessarily
consecutive) do not form an increasing or decreasing sequence.

Two students from class X and several students from XI participated in a chess tournament. Each
participant played one with cvery other. In cach game, the winner has received 1 point, the loser zero

1
and for a drawn game, both players got 3 The two students from class X together scored 8 points
and the scores of all participants in class XI are equal. How many students from class XI participated
in the tournament?
Find all real solutions of the system of equations: x +y = 2; xy — z> = 1

A stranger P visited an island, every inhabitant of which is either a ‘Knight’ who always tells the truth
or a ‘Knave’ who never tells the truth. He met four inhabitants, A, B, C, D. A said : “Exactly one of
us is a knave”; B said : “We are all knaves”.

Then P asked C : “Is A a knave”? He got an answer (yes or not) from which it was impossible to deduce
the truth about A. Is D a knave?

Let a, b, ¢, d be real numbers such that a2 + b2 + (a — b)2 = ¢2 4+ d? + (¢ — d)2. Prove that
at+bt+@-by=ct+d*+ (c-d?

It is known that 3'%% contains 478 digits. Let ‘a’ be the sum of the digits of 3%, ‘b’ the sum of the
digits of *a’ and ‘¢’ the sum of the digits of ‘b’. Find the value of ‘c’.

The set S consists of 5 integers. If pairs of distinct elements of S are added, the following 10
sums are obtained. 1967, 1972, 1973, 1974, 1975, 1980, 1983, 1984, 1989, 1991. Find the
elements of S.

Find all integers m, n such that 2mn — 5Sm + n = 55

A natural number is good if it can be expressed both as a sum of two consecutive natural numbers
and as a sum of three consecutive natural numbers. Show that

(1) 2001 is good but 3001 is not

(ii) The product of two good number is good.

(iii) If the product of two numbers is good, then, at least one of them is good.

Find all real numbers a and b such that x> + ax + b? = 0 have at least one common root.

A school has 281 boys and girls from seven countries. Suppose among any six students, there are
at least two who have the same age. Prove that there are five boys from the same country having the
same age or there are five girls from the same country having the same age.

Prove that the product of the first 1000 positive even integers differs from the product of the first 1000
positive odd integers by a multiple of 2001.

Determine the least positive value taken by the expression a® + b* + ¢* — 3abc as abc vary over all
positive integers. Find also all triples (a,b,c) for which this least value is attained.
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In the given multiplication, a and b are natural numbers. Find a + b.
3a
X b2
70
140
1470
Find all pairs (x, y) where (x, y) are integers such that x> + 113 = y3.
If the quadratic ax? + bx + ¢ takes rational values for more than two rational values of x, then, show
that a,b,c are all rational numbers.
14x+5 17x -5

5 and —;  are both integers.

Show that there are no solutions in integers such that

Ifaz0,b#0,c+#0and if

1 1 1
—+—+ =0
a b a+x
1 1 1
—+—+ =0
a ¢ a+y
1 1 1
a X y
Prove that a + b + ¢ = 0.
S U DS SRS UPNS SO0 SRV G
a b ¢ at+tb+c rove that a b o a+pi+d’

Letl < a,<a, . <dag <a,,.
some value must occur at least 12 times.

Prove that among the 50 consecutive differences (3, —a, ), 1=2,3,4,...51,

Prove that in any perfect square, the three digits immediately to the left of the unit digit cannot be 101.

(For example .... 101x cannot be a perfect square).

Show that there are no integers a, b, ¢ for which a> + b> — 8¢ = 6

Given that N = 2" (21! — 1) and 2"*! — 1 is a prime number, show that the sum of the divisors of N

is 2 N.

If a=20112010" b = 2011201 ¢ = (2010 + 2011)2010+ 2011 and d = 2011, find the value of
bc(a+d) N ac(b+d) N ab(c +d)

(a-b)(a-c) (b-a)(b-c) (c-a)c-b)

Let A = {a® + 4ab + b?l a,b are positive integers}. Prove that 2015 # A.

Find integers x, y, z such that

X’z + y’z + 4xy = 40

x> + y? + xyz = 20

If p, q, r are the roots of the cubic equation x* — 3px? + 3gx — r* = 0, then compare p,q.r

Determine all non-negative integral pairs (x, y) for which (xy — 7)% = x? + y?

4
Find all integers x, y, z such that —2+i_2+—2=1

y
Find integers a, b, ¢ such that a> + b?> — 8¢ = 6.

Find the largest integer 'n' such that (n + 10) divides n® + 100.

| 3
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2
49. Find all integers x satisfying the equation Jx+x3=15972.
50. Find the least L.C.M of 20 natural numbers not necessarily different whose sum is 801.
51. In a village 1998 persons volunteered to clean up for a fair, a rectangular field with integer sides and

perimeter equal to 3996 feet. For the purpose of the field was divided into 1998 equal parts. If each
part had an integer area (measured in square feet) find the length and breadth of the field.

52. Determine the number of points (X, y) on the hyperbola, 2xy — 5x + y = 55 for which both x, y are
integers.

53. If x, y are integers such that (x — y)*> + 2y? = 27, what are the possible values of x.

54. Find all pairs of positive integers (x, y) such that x* - y* = xy + 61.

55. Find the g.c.d of the set {n'* — n|n is a natural number}.

56. Find all real x, y, z satisfying the equations

4x* 4y? 47>
S = Y9 > = Z, > =X
1+4x° 1+4y l1+4z
57. Find all rational numbers a,b,c such that the equation x3 + ax? 4+ bx + ¢ = 0 has roots a,b,c.

58. Find integers 'a' and 'b' such that (x> — x — 1) divides ax'” + bx'® + 1.

4

59. [If a, b, ¢, d arc the roots of the equation x* — nx —/1999 = 0, find the equation whose roots are

a+b+c a+b+d a+c+d b+c+d

] ) ’

k]
d? ¢’ b~ a’

xb+(I-x)¢c xc+(1-x)a xa+(1-x)b
a b c

60. If a, b, ¢, x are real numbers such thata + b + ¢ # 0 and

then find relation between a, b, c.

X(y+7z) N y(z+Xx) N Z(x +v)
x-y)x-2) -2(y-x) Z-x)(z-Y)
62. Calculate the sum i+3+i +...+2
21 31 4! 100!

63. Find all real x, y satisfying x> + y*’ =7 and x>+ y> + x + y + xy = 4

61. Find value of

64. Find all the real numbers x, y satisfying x® + y® = 8xy — 6

65. Find all cubic polynomials p(x) such that (x — 1)? is a factor of p(x) + 2 and (x + 1)? is a factor of
p(x) -2

1 1 119

66. Find positive integers X,y,z such that x<y<z and X xy xyz 97"

xz(y+z) _ yz(z+x) _ 22(z+y) _Xyz

67. (a)lf none of a, b, ¢, X, y, z is zero, and 3

=1
a b’ ¢l abc

Prove that a3 + b3+ ¢ + abc = 0

X y z y. z X

(b)Solve for x, y, z : ?"';*’;—;"';“‘; =x+y+z=3

68. A merchant bought a quantity of cotton; he exchanged this for oil and he sold the oil. He observed
that the number of kg of cotton, the number of liters of oil obtained for each kg and the number of
rupees for which he sold formed a decreasing geometric progression. He calculated that if he had
obtained 1 kg more of cotton, one liter more of oil for each kg and Rs. 1 more for each liter, he would
have obtained Rs. 10169 more, whereas if he had obtained one kg less of cotton and one liter less
of oil for each kg and Rs. 1 less for each liter, he would have obtained Rs. 9673 less. How much
did he actually receive ?
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69. There are three towns A, B and C. a person walking from A to B, driving from B to C and riding a

1
horse from C to A completes the journey in 155 hours. By driving from A to B riding a horse from

B to C and walking from C to A, he could make the journey in 12 hours. On foot he could make the

1
journey in 22 hours, on horseback in SZ hours and driving in 11 hours. To walk 1 KM, ride 1 KM

and drive 1 KM, he takes altogether half an hour. Find the rates at which he travels and the distance

between the towns.
70. Find all positive integeral solutions X, y, z of the equation xy + yz + zx = xyz + 2.
71. (a) Find all positive real number x, y, z which satisfy the following equations simultancously.
X +yY +2=x+y+z (1)
X2+ y? + z2F = xyz (2)
(b) Do there exist 10 distinct integers such that the sum of any 9 of them is a perfect square?
72. (a) a, b, ¢ are distinct real number such that
a’=3(b* + ¢ - 25
b* = 3(c? + a*) — 25
¢ =3(a®> + b*) - 25
Find abc.

111 1
b) Leta=1+4 —+—+—+..+
(b) Leta 2?23 2015°

Find the largest integer < a.

73. f(x) is a fifth degree polynomial. Given that f(x) + 1 is divisible by (x — 1)* and f(x) — 1 is
divisible by (x + 1)°, find f(x).

74. (a) If a, b, ¢ are positive real numbers and a+ b+ ¢ =50and 3a+ b —-c=70. If x = 5a + 4b
+ 2¢, find the range of values of x.

(b) The sides a, b, ¢ of a triangle ABC satisfy the equation a> + 2b% + 2016¢? — 3ab — 4033bc +
2017ac = 0

Prove that b is the arithmetic mean of a, c.

a+3c N 4b B 8c
a+2b+c a+b+2c a+b+3c

75. a, b, ¢ are positive real numbers. Find the minimum value of

76. (a) Find all prime numbers p such that 4p> + 1 and 6p* + 1 are also primes.
(b) Determine real numbers x, y, z, u such that
Xyz+ Xy+yz+zx+x+y+z=7
yzu+yz+zu4+uy+y+z+u=9
ZUX +Zu+ uX + X2 +z+u+x=9

UXy + UX + Xy +yu+u+x+y=9
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77. If x,y, z, p, q, r are distinct real numbers such that

1 1 1 1
+ + =—
X+p y+p zZ+p p

1 1 1
+ + =

1
x+q y+q z+q q

1 1 1 1
+ + ==
X+r y+r z+r r

1
find the numerical value of —+t—+=

P q 1’

78. Prove that x* + 3x* + 6x* + 9x + 12 can not be expressed as a product of two polynomials of
degree 2 with integer coefficients.

79. 1If a, b, ¢, d are positive real numbers such that a> + b>= ¢?>+ d? and a®> + d> — ad = b?2 + ¢ +

ab+cd

ad+bc

be, find the value of
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1.(2,4,5)and (-2,-4,-5)

4.172 5.10°-3° 6. 45
7. {abc}, {ade), {afg}, {bdf}, {be,g}, {cef}and{cdg)

12, {(m,-m): m e Z}; {(V(v;l)],yf veZlvl >2}

18. One arrangement : 10,9, 8,7,6,5,4, 3,2, 1
20,19,18,17, 16, 15, 14,13, 12, 11
30,29, 22, 21

100, 99, 98, 97, 96, 95, 94, 93, 92, 91
OR
Another arrrangement :
91, 92,93, 94, 95, 96, 97, 98, 99, 100
81, 82, 83, 84, 85, 86, 87, 88, 89, 90
TL, T2 19, 80

1321 3)4953 Gs?a 8193 ]0

19.7or 14 20.x=1,y=1,z=0

(-3,-8) (=2,~15), (=1,-50)
27.a=b,orforrealrootsa=b=0
32.(-11,0) & (0,11)

45. (7,0),(0,7),(34),(4,3)

47. No such integers a, b, ¢ are posible

41.d=2011
48.n =890
52, 16 pairs

53.0,x4,x6

57. (2!, b's C) = (09 Os U)y (] ] _25 0)9 (] ) _]9 _])

59. V1999 x* +mx* —1 =0 60.a=b=c
63. (2,-1or(-1,2) 64.x=y=-1

68. Rs. 64,000

@2 b 1ot
-@2 0 50T

75. 1242 17

3. 3 rods are to be cut to pieces of 3, 3, 3, 4 units, 4 rods into pieces of 5, 5, 3 units & 5 rods into pieces of 4, 4, 5 units.

21. No, he is a knight
25. 16 pairs : (0, 55), (1,20), (2,13), (3,10), (7,6), (7,6), (10,5), (17,4), (52,3), (=53, 2), (-18,1), (-11,0), (-8, 1), (4, -5),

30.4, (a,be) € {(1,1,2), (1,2,1),(2,1,1)} 31.9

" 46.(£3,£2,+12)and (£3,£3,+3)

54. Only one pair (6, 5)

70. (x,y,2)=(1,1,1),(23,4),(2,43),3,24,3,42),4223),43,2
71. (a) None, (b) 376, 349, 304, 241, 160, 61, -56, 191, -344, -515

-3 5.5 3
73. f(x) = ?X +ZX ——X

To. (@) p=5,b)x=y=z=1,u=32 77 0

8. 8k
14, 58 15. 1981 17. 999%
23.9 24. {983,984, 989, 991, 1000}

43.(1,1,18),(-1,-1, 18),(2,2, 3) and (-2, -2, 3)

49, 11¢ 51. Length = 1332 breadth = 666
1 1 1
55. 2730 56.x= —,y=—,z=—
2 2 2
58.a=987,b=-1597
1
61. -1 62. 1- —
100!
65. x* -3x 66.x=5,y=49 & z2=97

15
74. (a) 190 < x < 210

79, 3
2

3
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CHAPTER Geometry

Nine lines drawn parallel to the base of a triangle divide the other two sides into 10 equal parts and
the area into 10 distinct parts. If the area of the largest of these parts is 1997 sq. cms, find the area
of the triangle.

The measures of length of the sides of a triangle are integers and that of its area is also an integer.
One side is 21 and the perimeter is 48. Find the measure of the shortest side.

ABC is an isosceles triangle with /B = ZC = 78°. D and E are points on AB, AC respectively such
that ZBCD = 24° and angle CBE = 51°. Find ZBED.

In AABC, BC = 20, median BE = 18 and median CF = 24 (E, F are midpoints of AC, AB respectively).
Find the area of AABC.

Let ABCD be a convex quadrilateral in which ZBAC = 50°, ZCAD = 60°, ZCBD = 30°,
/BDC = 25° ; If E is the the point of intersection of AC and BD, find ZAEB.

Points M and N lie inside an equilateral triangle ABC such that Z/MAB = ZMBA = 40° ZNAB = 90° ;
ZNBA = 30° Prove that MN is parallel to BC.

ABCD is a square with length of a side 1 cm. An octagon is formed by lines joining the vertices of
the square to the midpoints of opposite sides. Find the area of the octagon.

Prove that the inradius of a right angled triangle with integer sides is also an integer.

Given the rhombus ABCD with ZA = 60°. The points F, H and G are marked on the segments AD,
DC and the diagonal AC so that DFGH is a parallelogram. Prove that the triangle FBH is equilateral.
Suppose the angle formed by the two rays OX and OY is the acute angle o and A is a given point
on the ray OX. Consider all circles touching OX at A and intersecting OY at B, C. Prove that the incentres
of all triangles ABC lie on the same st. line.

In AABC, D is a point on BC such that AD is the internal bisector of ZA. Suppose /B = 2/C and
CD = AB. Prove that ZA = 72°.

In the figure, ZQ and ZB are right angles. If AQ = 15, BC = 16, AP = 17, find QC.
. C

Q

A B
P

In a right angled triangle, if the square of the hypotenuse is twice the product of the other two sides,
prove that the triangle is isosceles.

Let ABC be a triangle with AC > BC. Let D be the midpoint of the arc AB that contains C, on the
circumcircle of AABC. Let E be the foot of the perpendicular from D on AC. Prove that
AE = EC + CB.

Consider a convex quadrilateral ABCD in which K, L, M, N are the midpoints of the sides AB, BC,
CD, DA respective. Suppose

(a) BD bisects KM at Q (b) QA = QB = QC = QD and
LK _CD
© IM~CB"

Prove that ABCD is a square.
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A triangle ABC has its circumcentre at O and M is the midpoint of the median through A. If OM is
produced to N such that OM = MN, prove that N lies on the altitude through A.

Two sides of a triangle are V3 cms and v/2 cms. The medians to these sides are perpendicular to

each other. Find the third side.

Let ABCD be a convex quadrilateral. P, Q, R, S be the midpoint of AB, BC, CD, DA respectively
such that the triangle AQR and CSP are equilateral. Prove that ABCD is a rhombus. Determine its
angles.

In AABC, let D be the midpoint of BC. If ZADB = 45° and ZACD = 30°, determine Z/BAD.

In AABC, ZA =75°, ZB =60°, ZC = 45°. Also CF and AD are the altitudes from C and A respectively.
If H is the orthocentre and O is the circumcentre, prove that, O is the incentre of ACHD.

Assume that AABC is isosceles with ZABC = ZACB = 78°. Let D and E be points on sides AB and
AC respectively so that ZBCD = 24° and ZCBE = 51°. Find ZBED and justify.

ABC and DAC are two isosceles triangles with ZBAC = 20° and ZADC = 100°. Show that
AB = BC + CD.

Let ABCD be a quadrilateral inscribed in a circle. Let M be the point of intersection of the diagonals
AC and BD and let E, F, G and H be the feet of the perpendiculars from M on the sides AB, BC, CD,
DA respectively. Find the centre of the circle that can be inscribed in the quadrilateral EFGH.

(i.e. touching all its sides)

Two sides of a triangle are \/5 cms and \/5 cms . The medians to these sides are perpendicular to each

other. Find the third side.

B D C

Determine all distinct triangles having one side of length 6, with the other two sides being integers,
and the perimeter numerically equal to the area.

In the adjoning figure ABCD is a rectangle. Triangle PAB is isosceles. The radius of each of the smaller
circles is 3 ¢cm and the radius of the bigger circle is 4 cm. Find the length and breadth of the rectangle.

D L C
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2009 concentric circles are drawn with radii 1 unit to 2009 units. From a point on the outer most circle,
tangents are drawn to the inner circles. How many of these tangents are of integer length ?

e

The sum of the 3 concurrent edges of a rectangular block is 19c¢m, its volume is 144 cm? and its diagonal
is 13 cm. Find the dimensions of the rectangular block.

ABCD is an isosceles trapezoid with ABIICD and circumscribed about a circle with CD < AB and
BC = AD. DG is drawn perpendicular to AB and GH is drawn perpendicular to DA. Prove that DA, DG
and DH are respectively the arithemetic mean, geometric mean and harmonic mean of AB and CD.

p__N_ c
J
H N
A G M B
ABCD is a square. E and F are points respectively on BC and CD such that ZEAF = 45°. AE and AF
cut the diagonal BD at P, Q respectively. Then Arcaof AAEF -
Areaof AAPQ
Agezmirees, . D
AN~
{ F
N lasoPast 4
s .
BT E

A triangle ABC has incentre 1. Points X,Y are located on the line segments AB, AC respectively so
that BX. AB = IB? and CY. AC = IC?. Given that X,I,Y are collinear, find the possible value of the
measure of angle A.

Suppose A |A,A; ... A is an n-sided regular polygon such that

1 1 1
= +
AA, AA, AA,

Determine n, the number of sides of the polygon.

Let P be an interior point of a triangle ABC and let BP and CP meet AC and AB in E and F respectively.
If [BPF] = 4, [BPC] = 8 and [CPE] = 13, find [AFPE]. (Here [] denotes the area of a triangle or a
quadrilateral as the case may be)

The area of a parallelogram is 300 sq cm and its diagonals intersect at 30°. If the sum of the lengths
of the diagonals is 80 cms, find the lengths of the sides of the parallelogram.
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